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Abstract 

This paper establishes the local (or global, resp.) well-posedness of the heat 
flow of bihharmonic maps from R™ to a compact Riemannian manifold without 
boundary for initial data with small local BMO (or BMO, resp.) norms. 



> ■ 1 Introduction 

ON 

For k > 1, let N be a ^-dimensional compact Riemannian manifold without bound- 
ed ' 

ary, isometrically embedded in some Euclidean space M. 1 . Let Q C M n , n > 1, be a 
smooth domain. There are two second order energy functional for mappings from 

■ 

$7 to N, namely, the Hessian energy functional and tension field energy functional 
given by 

F(u)= [ \Au\ 2 , E(u)= [ \DU(u)(Au)\ 2 , u E W 2 ' 2 (£l, N), 
Jn Jn 

where II : N$ N — > N is the smooth nearest point projection from Ng N = {y G M 1 : 
dist(y, N) < 5n} to N for some small 5n > 0, and 

W 2 ' 2 (n,N) = {ve W 2 ' 2 {U,R l ) : v(x) G N for a.e. x G O}. 

Recall that a map u G W 2 ' 2 (Q, N) is called an (extrinsic) biharmonic map (or 
intrinsic biharmonic map, resp.) if u is a critical point of F(-) (or E(-), resp.). Geo- 
metrically, a biharmonic map u to N enjoys the property that A 2 u is perpendicular 
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to T U N. The Euler-Lagrange equation for biharmonic maps (see [T7]) is: 

A 2 u = A(D 2 II(u)(Vn, Vn)) + 2V • (An, V(DU(u))} - (An, A(DU(u))). (1.1) 

The Euler-Lagrange equation for intrinsic biharmonic maps (see [T7j) is: 

A 2 u = A(L> 2 n(u)(Vu, Vu)) + 2V • (Am, Vpn(u))) - (Au, A(DU(u))} 
+ L>n(u) [D 2 U(u) ( Vu, Vu) • £> 3 II(u) ( Vn, Vn)] 

+ 2D 2 n(u)(Vu,Vu) • L> 2 II(u)(Vu,V(L>n(u))). (1.2) 

The study of biharmonic maps was initiated by Chang- Wang- Yang (2] in late 90's. 
It has since drawn considerable research interests. In particular, the smoothness of 
biharmonic maps (and intrinsic biharmonic maps) in W 2,2 has been established in 
dimension 4 by [2] for N = S 1 ^ 1 and by [16] for general manifold N. For n > 5, 
the partial regularity of the class of stationary biharmonic maps in W 2,2 has been 
shown by by [2] for N = S 1 ^ 1 and by [16] for general manifold N. The readers can 
refer to Strzelecki [15], Angelesberg [T], Lamm- Riviere |11| . Struwe [14], Scheven 
|12j . Hong- Wang [4J, and Wang [18] for further interesting results. 

Motivated by the study of heat flow of harmonic maps, which has played a very 
important role in the existence of harmonic maps in various topological classes, it 
is very natural and interesting to study the corresponding heat flow of biharmonic 
maps. For Q = R ra , the heat flow of harmonic maps for u : W 1 x R + — > N is given 
by 

d t u + A 2 u = A(D 2 U(u){Vu,Vu)) + 2V • (Au,V{DU(u))} 

-(VAu,A(DU(u))) inM n x(0,+oo) (1.3) 

u\ t =o = u out", (1.4) 

where uq ■ M n — > N is a given map. 

(|1.3p - (|1.4p was first investigated by Lamm in [8l|9], where for smooth initial data 
no G C°°(M. n ,N) the short time smooth solution was established. Moreover, such 
a short time smooth solution is proven to be globally smooth provided that n = 4 
and ||no||n/2,2(i|4) is sufficiently small. For large initial data no € Ty 2,2 (lR 4 ), it was 
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independently proved by Gastel [3] and Wang [Tj5] that there exists a global weak 
solution to (jl.3p - (jl.4p that is smooth away from finitely many singular times. 

It is a very interesting question to seek the largest class of rough initial data 
such that (ll.3p - (|1.4|) is well-posed (either local or global) in suitable spaces. There 
have been interesting works on this type of question for the Navier-Stokes equation 
(see Koch-Tataru [7J), the heat flow of harmonic maps (see Koch-Lamm [6] and 
Wang [20]), and the Willmore flow, the Ricci flow, and the Mean curvature flow by 
Koch-Lamm [6]. 

The main goal of this paper is to investigate the well-posedness issue of (jl.3p 
and (|l,4p for initial data uq with small BMO norm. 

To state our main result, we first introduce the BMO spaces. 

Definition 1.1 For < R < +oo, the local BMO space, BMO R (M n ), is the space 
consisting of locally integrable functions f such that 

[/1bmOrCR») := sup ^ n I \f ~ f*> r \} < +0 °' 
a;eK",0<r<-R J B r (x) 

where B r (x) C W 1 is the ball with center x and radius r, and 

^ x,r \B r (x)\ j Br {x) ^ 



is the average of f over B r (x). We say f G VMO(IR n ) if 

J ™ [/]bmo,-(M") = °- 

ForR = +oo, we simply write (BMOQR™), [-] B MO(K™)) for (BM0 oo (R™), [-Jbmo^CK"))- 
For < T < +oo, we also introduce the functional space Xt as follows. 

X T = J / : R n x [0,T] -)• R \ \\f\\x T = sup ||/(i)|| L ~(R") + [f\x T < +°° \ i 1 ^) 

[ 0<t<T J 

where 

2 , 

[f] Xr = sup (y>i||V7(t)|U» (R « ) )+ sup (R- n |V/| 4 )3 

0<t<T JPr(x,R 4 ) 



xeR n ,0<R<T^ JP R (x,R 4 ) 
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+ sup i (R- n / 4 |V 2 /n^, (1.6) 

xm n ,0<R<T? JPr{x,R a ) 



where Pr(x,R 4 ) = Br(x) x [0, R 4 ] is the parabolic cylinder with center (x,R 4 ) and 
radius R. It is clear that (Xt, \\ ■ \\x T ) is a Banach space. When T = +00, we simply 
write X for X^, \\ ■ \\ x for || • \\ Xoo , and [] x for [-jx^- 
The first theorem states 

Theorem 1.2 There exists eo > such that for any R > if [iio]BMO H (K n ) — e o> 
then there exists a unique solution u G X r a to i f 1.3\) - [T^ with small [u]x T - In 



particular, if uq G VMO(R n ) then there exists Tq > such that $1.3\) -{ 77$ ) admits a 
unique solution u G Xt with small [u\x Tq ■ 

As a direct corollary, we have the following global well-posedness result. 

Theorem 1.3 There exists eo > such that if [uo]bmo(m u ) — e o> then there exists 
a unique solution u G X to il.3\ )- [T^ with small [u]x- 

Now we turn to the discussion of the heat flow of intrinsic biharmonic maps. 
The equation of the heat flow of intrinsic biharmonic maps on R n is given by 

d t u + A 2 u = A(D 2 U(u)(Vu, Vu)) + 2V • (Au,V(DU(u))) - (An, A(DU(u))) 

+ DU(u)[D 2 U(u){Vu, Vu) ■ D 3 U(u)(Vu, Vu)} 

+ 2D 2 U{u){Vu, Vu) ■ D 2 U{u){Vu, V(DU{u)) in R n x (0, +00) (1.7) 

u\ t=0 = u : R n -> N. (1.8) 

In [10], Lamm studied ()1.7j) - f)1.8[) . Under the assumption that n < 4 and the sec- 
tion curvature of N is nonpositive, the global smooth solution to (|1.7p - (jl.8p was 
established in |10| . 

Analogous to Theorem 1.2 and 1.3, we obtain the following results on (|1.7p - (|1.8p . 



Theorem 1.4 There exists eo > such that for any R > if [uo]bmo r (m."-) — e Cb 



then there exists a unique solution u G X R 4 to (T. 7|)-(f775|) with small [u\x T - In 



particular, if uq G VMO(R n ) then there exists Tq > such that 1 1. 7p-(TO]) admits a 



unique solution u G Xt with small [u\ 



x 



T ■ 



Theorem 1.5 There exists eo > such that if [«o]BMO(R n ) < e o> then there exists 
a unique solution u G X to fl. 7p -( TO]) with small [u]x- 



We remark that since W 1,n (R n ) C VMO(M n ), it follows from Theorem 1.2 (or 
Theorem 1.4, resp.) that f)1.3|) - (|l .4j) (or ll.7[) - (|1.8|) . resp.) is uniquely solvable in Xt 
for some Tq > provided no £ W > n (R n , iV); and is uniquely solvable in X provided 
|| Vuo||x,»(]K n ) is sufficiently small, via Theorem 1.3 (or Theorem 1.5, resp.). 

We also remark that the techniques to handle the heat flow of biharmonic maps 
illustrated in this paper can be extended to investigate the well-posedness of the 
heat flow of polyharmonic maps for BMO initial data in any dimensions. This will 
be discussed in a forthcoming paper [5]. 

The remaining of the paper is written as follows. In section 2, we review some 
basic estimates on the biharmonic heat kernel, due to Koch-Lamm [6]. In section 
3, we outline some crucial estimates on the biharmonic heat equation. In section 4, 
we prove the boundedness of the mapping operator 8 determined by the Duhamel 
formula. In section 5, we prove Theorem 1.2 and 1.3. In section 6, we prove Theorem 
1.4 and 1.5. 

2 Review of the biharmonic heat kernel 

In this section, we review some fundamental properties from Koch and Lamm [6] on 
the biharmonic heat kernel. 

Consider the fundamental solution of the biharmonic heat equation: 

(d t + A 2 )6(x, t) = in R n x R + 

and it is given by 

b(x,t) = t *g(—), 

where 

g {£) = (27r)-f ! e ^-l fe l 4 dk, £ € R n . (2.1) 
ii™ 

The following Lemma, due to Koch and Lamm [6] (Lemma 2.4), play a very 
important role in this paper. 

Lemma 2.1 For x G R n and t > 0, the following estimates hold: 

, 4 1 

\x s 323 

\b(x,t)\ <cTT exp(-aM-), « = — , (2.2) 

is 16 
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\V k b{x,t)\ < c(t* + \x\r n ~ k , Vk > 1 (2.3) 

\\V k b(;t)\\ Lm n } <ct'i, Vfc> 1. (2.4) 
Moreover, there exist c,c\>0 such that for < j < 4, 

\V j b(x,t)\<ce~ clM , V(i,t)eR n x(0,l)\(B 2 x(0,i)). (2.5) 



For the purpose of this paper, we also recall the Carleson's characterization of 
BMO spaces. Let S denote the class of Schwartz functions. Then the following 
property is well-known (see, Stein [T3]). 

Lemma 2.2 Let® G 5 be such that J Rn $ = 0. Fort > 0, let & t (x) = i~ n <i>(f), x € 
R n . If f & BMO(M n ) ; then |* t * f\ 2 (x,t)^ is a Carleson measure on i.e., 

sup r-/ / |$ t */| 2 — < C[uo]|mo(r-) (2-6) 

for some C = C(n) > 0. If f E BMOjj(R n ) for some R>0, then 

r f drdt 

^P r-»/ / l<^*/| 2 — <^o]| M o fl (R") (2-7) 

xeM n ,0<r<R Jo JB r (i) J 

for some C = C(n) > 0. 

Recall that the solution to the Dirichlet problem of the inhomogeneous Inhar- 
monic heat equation 

(d t + A 2 )u = / on R"x(0,+oo) (2.8) 
u = m on R" x {0} (2.9) 

is given by the Duhamel formula: 

u = Gu + §/ (2.10) 

where 

Gu (x,t) := (b(;t)*u )(x) = [ b(x-y,t)u (y)dy, (x, t) e R n x (0, +00), (2.11) 

JM. n 

and 

Sf(x,t)= [ f b{x-y,t- s)f(y,s)dyds, (x,t) el" x (0,+oo). (2.12) 

Jo JR n 
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3 Basic estimates for the biharmonic heat equation 

In this section, we provide some crucial estimates for the solution of the biharmonic 
heat equation with initial data in BMO spaces, including the estimate of the distance 
to the manifold N. 

Lemma 3.1 For < R < +oo, if uq € BMO/?(R ra ), then uq = Guo satisfies the 
following estimates: 

sup r~ n I (\V 2 u \ 2 + r- 2 \Vu \ 2 ) < C [u ] 2 BMO {Rn) , (3.1) 

x£R n ,0<r<R JP r (x,r 4 ) 

and 

sup V^||Vm (*)||l~(r") < CMbmo • ( 3 - 2 ) 
If, in addition, uq G L°°(R n ) ; then 

|4 / 1 1 2 L, l2 



sup r n |V«o| < CH-uol^ocmn) • [u ] BMO ( R n) . (3.3) 

xGR n ,0<r<R JP r (x,r 4 ) 

Proof. For simplicity, we present the argument for R = +oo. Let g be given by 
(f2ll . Let = for i = 1,2. Then it is clear that $'e5 and L n = for 



i = 1,2. Hence by Lemma 2.2, * uq\ 2 ^^- is a Carleson measure on for 
i = 1,2. Direct calculations show, for i = 1, 2, 

SjOr) = t~ n {^g){- t ) = t V* (t-" fl (| )) = t^GftOc)), 

where 

«*(*) = r n 9 (~). 

Hence we have 

(& t *u )(x) = t i V i (g t *u )(x). 
Since the biharmonic heat kernel b(x,t) = g i (x), we have 

($j * n )(x) = t V* ((6(-,t 4 ) * uo)(aO) = t*V*(Guo)(s,t 4 ). 
Thus we have, for i = 1,2, 



C'NbmoCR-) - sup r n / / |^*u ' 2 



xGM n ,r>0 JO JB r (x) t 

sup r~ n / / ^-^V^uol 2 ^,* 4 )^^ 

iel",r>0 J0 J B r (x) 

- sup r" n / t 2l r k \V i Guo\ 2 (x,t)dxdt 

4 iel",r>0 JP r {x,r A ) 



This clearly implies (|3.ip . since for % = 1, 2, > r 2 * -4 when < t < r 4 . 

Since no solves the biharmonic heat equation (dt + A 2 )«o = on R n x (0, +oo), 
the standard gradient estimate implies that for any x G M. n and r > 0, 



r 2 |Vu | 2 (x,r 4 ) + r 4 |V 2 u j 2 (x, r 4 ) < Cr~ n [ (r- 2 |Vu | 2 + |V 2 u ' 2 ' 

JP r {x,r A ) 



Taking supremum over x G W 1 and setting t = r 4 > yields (I3.2D . 

For (pT3|) . observe that u G L°°(R n ) implies $ 4 * u € L°°(IR n ) and 

* u o||l°°(R") < || < l )1 ||L 1 (R™)ll n o||L°°(R«) < ||Vfi'|| i i( R n)||uo|jLcx)( R n) < C\\uo ||l°°(R™) • 

Hence 

sup / |VGiio| 4 dxdt 

xm n ,r>0Jp r (x,r 4 ) 

SUp / / | * Uq I 

i€R n ,r>0J0 JB r (x) t 



< (sup||$| *uo\\l°°(w) ) ■ sup / / \®l*u 

\t>0 J xm n ,r>0J0 JBAx) 



2 dxdt 
t 



< C||«0|||oo(|5n) • [uq] 2 



) l^ojbmoor™) • 

This implies f|3.3[) . □ 
Now we prove an important estimate on the distance of uq to the manifold N in 
terms of the BMO norm of uq. More precisely, 

Lemma 3.2 For any 5 > 0, there exists K = K(5, N) > such that for R > if 
u G BMO fi (R") then 

dist(n (x, t),N) < K Memoir") + 5 > VxGR", 0<K-^. (3.4) 

In particular, if uq G BMO(IR n ) then 

dist(u (x,t),iV) < K[«o] BM o(E») + s > VieR", tel+. (3.5) 



Proof. Since (|3.5p follows directly from ()3.4p . it suffices to prove (|3.4p . For any 

x G W l , t > 0, and K > 0, denote 



s 



Let g be given by (2.1). Then, by a change of variables, we have 

uo(x,t) = g{y)u (x -t*y)dy. 
Applying Lemma 2.1, we have 



< { + \g{y)\M x -t i y)-Cx,t\dy 

[Jb k (o) Jr™\b k (o) ) 

< [ ce- aly ^\u {x-tiy)-c^ t \dy 
Jb k (o) 

+2||Mo|j L oo (R n) / ce' a ^ dy 

JM. n \B K (0) 

POD 4 

< K n [u ] BMO im + C N e-^r^dr 

< S + K n [u ] BMO l(R n } (3.6) 

Kt 1 

provide we choose a sufficiently large K = K(5, N) > so that 

roo 4 

C N / e- ar ^r n - x dr < 5. 
Jk 

On the other hand, since uo(M n ) C N, we have 



dist(c£ t , N) < c£ t - u (x - tiy) , Vy G B*(0) 



and hence 



dist(c^,iV) < 1 / \c* t - n (x - tiy)| dy < [u ] B mo i (*») ■ ( 3 - 7 ) 

Putting (|3.6p and (|3.7p together yields (|3.4p holds for i < JL. This completes the 
proof. □ 



4 Boundedness of the operator § 

In this section, we introduce two more functional spaces and establish the bounded- 
ness of the operator § between these spaces. 

For < T < +oo, besides the space Xt introduced in the section 1, we need to 
introduce the spaces Yf,Y^. 
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The space Yj, is the space consisting of functions / : W 1 x [0, T] — > R such that 
||/|| y i = sup i||/(i)|Uoo (R „)+ sup r~ n ! |/| < +00, (4.1) 

0<t<T x.m n ,0<r<T^ JP r (x,r 4 ) 

and the space Yj, is the space consisting of functions / : W 1 x [0, T] —> R such that 



Y 2= sup ti\\f{t)\\ L oo m + sup ^ (r " / |/|l)t<+oo. (4.2) 

0<t<T xeM n ,0<r<Ti JPrix,^) 

It is easy to see (lj>, || • ||y») is a Banach space for £ = 1,2. When T = +00, we 
simply denote (Y l , || • ||y t ) for (Y^, \\ ■ ||y< ) for £ = 1,2. 
Let the operator § be defined by (2.12). Then we have 

Lemma 4.1 For any < T < +00, iffeY^, then §/ € X T and 

W\\x T < C\\f\\yl (4.3) 

for some C = C(n) > 0. 

Proof. We need to show the pointwise estimate 
2 

J^^IV^S/)!^,^ 4 ) < C||/||yi, Vx € R n ,0 < R < T3, (4.4) 
and the integral estimate for < R < T±: 

R-^Wvmh^PnW)) + l|v 2 (§/)lb(iM^ 4 )) < c||/||^. (4.5) 

By suitable scalings, we may assume T > 1. Since both estimates are translation 
and scale invariant, it suffices to show that both (|4.4p and (|4.5|) hold for x = and 
R= 1. 

For £ = 0, 1, 2, we have 



1^8/(0,1)1 







V i b{y,l-s)f{y,s)dyds 



1 1 

2 /" T 2 



< ^ T / + / " / + / " / \ |V'&(//. i ~.s)|j/ (// .,)jr//,</.s- 

'0 iB 2 J0 JR n \B 2 



h+h + h- 
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Applying Lemma 2.1, we can estimate Ix,l2,I% as follows. 

||/(s)|U°o(B>™) ) ( / 

;<S<1 



and 



< (sup H/WIU-oan) I I / ||V l 6(-,l- S )|| Ll(K „) 



(is 



.1 

< C||/|| yil l' 8 --<h 







< Cll/ll 



1 . 



\h\ < ( sup ||V i 6(-,l- S )|| i0 o (R „ ) )( / |/(l/,a)|dydfi 

0<s<! VB 2 x[0,i] 

< C / |/fo,*)|dy<fe<C||/ki, 

Jftx[0,i] 



|/ 3 | < / / \V l b(y,l- S )\\f(y, S )\dyds 

JO JR"\B 2 

< C [ 2 [ e- c ^\\f{y,s)\dyds 

JO JR n \B 2 

< c(jTk n - l e- c A • f sup / \f{y,s)\dyds 



\k=2 



< C\\f\\ Y r. 



Now we want to show ()4.5|) by the energy method. Denote w = §/. Then u; 
solves 

(Sit + A 2 )w = f in R n x (0, +oo); u>| t=0 = 0. (4.6) 

Let rj 6 C^°(i?2) be a cut-off function of Si. Multiplying (|4.6p by ifw and integrating 
over W 1 x [0, 1], we obtain 



f \w\ 2 rj L + 2 f AwA(wr] A )=[ f 

il»x{l} x [0,1] JM"x[0,ll 



4 

WT] . 
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This easily implies 



\V 2 w\ 2 



(0,1) 



<■ I |V 2 (?7 2 u;)| 2 

/K"x[0,l] 



< c 

< c\ 

< c 

< c 



[ [\V V \ 2 \Vw\ 2 + (\A V \ + \V V \ 2 )\w\ 2 ] + C [ \f\\w\ V 2 

JR n x\0,l] ^R n x[0,l] 



'[0,1] 

\Vw\ 2 + \w\ 2 + ||/||l1(B 2 x[0,1])IMIl-(B 2 x[0,1])] 
iB a \Bi)x[0,l] 

i) ^ ^ ' ^P 1 ^H VW ^ll^( Rn )^ + IHl£°°(B 2 x[0,l]) + ll/llii(B 2 x[0,l]) 



sup (\\w(t)\\ 2 Loo(Rn) +t2\\Vw(t)\\ 2 Loo{Rn) ) + ||/|| 2 i 

0<t<l 1 



< C||/ll^, 

where we have used (14, 4p in the last step. 

For the L 4 norm of Vro on P\(0, 1), recall the Nirenberg inequality implies 

\\v( v 2 w(t))\\l HMn) < cii^wii^^^iiv 2 ^ 2 ^^))!!^^). 

Integrating with respect to t G [0, 1] clearly implies 



(4.7) 



|Viu| < C sup 
Pi (0,1) / o<t<i 



,)l|V 2 (ry^)||2 2(RBx[0jl]) <C||/|| yi i 



where we have used both ()4.4p and (|4.7f) in the last step. This completes the proof. 
□ 

To handle the nonlinearities of the heat flow of biharmonic maps (jl.3p . we also 
need 

Lemma 4.2 For < T < +oo, if f G Y^, then for any 1 < a < n, §(J^) G X T 
and 

" <C||/|| y » (4.8) 



for some C = C(n) > 0. 



Proof. The proof of (|4.8p is similar to that of Lemma 4.1. We will prove that for 
any x G M n and < R < Ti , both the pointwise estimate: 

2 

\x,R*)<C\\f\\ n , (4.9) 



i=0 
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and the integral estimate: 

n 



L2(P R (x,R4)) 



<C\\f\\ Y 2. (4.10) 



By suitable scalings, we assume T > 1. Since both estimates are translation and 
scale invariant, it suffices to show that both (|4,9p and (4.10) hold for x = and 
R = l. For 1 < a < n, write W a = S( For i = 0, 1, 2, we have 



V*W a (0,l) 



which implies 
|VW a (0,l)| < 



V i b(-y,l-s)^(y,s)dyds 

K"x[0,l] °Vol 

(V l ^b)(-y,l-s)f(y,s)dyds, 

n x[0,l] 



|V m %,l- S )||/(y, S )|(iyd S 

\V i+1 b(y,l-s)\\f(y,s)\dyds 



+ 



JB 2 JO JR n \B 2 



+ 

= h + I b + h. 

Applying Lemma 2.1, we can estimate 1^,15, Iq as follows. 

||V i+1 6(-,l- S )|| il(K „ )( i S 



1^4 1 < ( SUp ||/(«)||z,»(Rn) ) ( / 

\i<»<i J \ J I 



2 _i±I , 
s 4 ds 



< CWfWy? 

< C\\f\\yZ, 

I i+1 

where we have used the fact f 2 s * ds < +oo for i < 2. 



|J 5 | < ( sup ||V l+i 6(-,l- S )|| Loo(R n))( 
o 

< C 



0<s<± 



'B 2 x[0, 2 

and since i + 1 < 3, we have 



B 2 x[0,±] 

i |/(y )S )|^d S <C||/|| ri2 , 



\f(y,s)\dyds) 



\h\ < 
< C 




^ +1 b(y,l-s)\\f(y,s)\dyd S 



JR n \B 2 




JR"\B 2 



M\f(y,s)\dyds 



< Cll/Hyj,. 



—c\k 



sup 

j/GR" iPi(2/,l) 



\f(y,s)\dyds 
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Putting together these estimates, we prove (|4.9|) . (|4.1U|) can be done by the energy 
method as well. In fact, W a solves 



(d t + A 2 )W a = %L in R n x (0, +00); W a \ t=0 = 0. (4.11) 

Let T] € Cfi°(B 2 ) be a cut-off function of B x . Multiplying (|4TTTj) by rfW a and 
integrating over M n x [0, 1], we obtain 

f |W„|V + 2/ AW a .A(^ 4 ) = -/ f . fL( WaV 4). 

JR"x{l} JR n x[0,l] JR n x[0,l] ax a 

This implies 

|V 2 W Q | 2 

Pl(0,l) 



< / |vW«)l 2 

jR n x[0,l] 

< cf [|V77| 2 |VW Q | 2 + (|Ar,| + |V7,| 2 )|W Q | 21 

JR n x[0,l] 

2 T 



+ C / |/|(|V(^W a )| + |Wa[|V»7|) 

Jl"x[0,l] 

< C[f (|VTy a | 2 + |^| 2 ) + ||/|| L i ( B 2x[0 ,l])||^||L-(R«)] 

J (B 2 \B 1 )x[0,l] 

= /7 + ia. (4.12) 



It is easy to see that 
[Jr| 



< C 



f 1 

/ dt) • ( sup t^\\VW a (t)\\ 2 Loo(Rn) ) + || W, 

JO 0<t<l 



Qlli°°(B 2 x[0,l]) + Il/Ill 1 (-B 2 x[0,l]) 



where we have used the point wise estimate (14. 9p in the last step. In order to 
estimate Ig, we first need to employ the Nirenberg inequality: 

\\v(v 2 w a (t))\\i HMn) < cii^^^iil^^^nv 2 ^ 2 ^^))!! 2 ,^), 

which, after integrating with respect to t G [0, 1], implies 

l|V(r? 2 ^)|| L 4 (R n x[0il]) < Csup^ ||iy a (t)||i oo(R „ ) ||V 2 (7 ? 2 W a )||l 2(Rn><[0il]) . (4.13) 
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Therefore, Ig can be estimated by 



* C ll/llL*( ft x[0,l] )0 ^ll W «WIII-(M»)ll V ^)l^(M»x M 



4 2 



< 1/ |VVW Q )| 2 + C||/||^ sup ||W„(t)||l 



oo /TEPn \ 



/R"x[0,l] 1 



where we have used (14. 9D in the last step. Now we substitute the estimates of I7 
and ^ into (|4.12p and obtain 

/ |v 2 wq 2 <c f \v 2 ( v 2 w a )\ 2 < cii/ii 2 ,,. 

./Pi (0,1) JK"x[0,l] 1 

This, combined with (|4.13p . also implies 

/ |VWg 4 <C||/||* 2 . 

M(o,i) 1 

The proof of (|4.1U|) is now completed. □ 

5 Proof of Theorem 1.2 and 1.3 

In this section, we will prove both Theorem 1.2 and 1.3. The idea is based on the 
fixed point theorem in a small ball inside Xt for the mapping operator determined 
by the Duhamel formula associate with (jl.3p ~ p.4p . 

First we need to extend II to R . Let II € C°°(R , R ) be any smooth extension 
of II such that II = II on Ng N ■ 

Let 

F[u] = A{D 2 U(u)(Vu, Vn)) - (An, A(DU(u))) + 2V • (An, V(DU(u)))) 

be the right hand side nonlinearity of p.3p . Then it is easy to see that 

T[u] = -(An, Apfi(n))) + V • ^2(An, V(DTL(u))) + V(D 2 n(n)(Vn, Vn))) 

= FM + V -(F 2 [u]), (5.1) 
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where 

F x [u] = -(Au,A{DU(u))), F 2 [u] = 2(Au, V(2?fi(u))) + V(Z) 2 n(u)(Vu, Vu)). 

(5.2) 

It is easy to see 

l^iMI < C(|V 2 n| 2 + |Vu| 4 ), |J- 2 [n]| < C(|V 2 n||Vn| + |Vu| 3 ), (5.3) 

where C > is a constant depending on ||n||i/x>nRn)- With the notations as above, 
(ll.3p - (ll.4p can be written as 

{d t + A 2 )u = Fx[u\ + V ■ (7" 2 N) in M n x (0, +oo); u| t=0 = u . (5.4) 

The first observation is 

Lemma 5.1 For < T < +oo, if u G Xt, then F\[u\ € "K^, F 2 [u] £ ^r- Moreover, 

\\?M\\ Y i<C[uf XT , (5.5) 

and 

II^MIIyi <C[ M ]| T , (5.6) 

Proof. It follows directly from the Holder inequality. □ 
By the Duhamel formula (2.10), the solution u to ()1.3[) - ()1.4j) is given by 

u = Gu + S(Ji[«]) + S(V • (F 2 [u])). (5.7) 

Throughout this section, we denote 

no = Gno- 

Now we define the mapping operator T on X r a by letting 

Tu(x,t) = u (x,t) + 8(F 1 [u})(x,t) + S(V • (F 2 [u}))(x,t), ueX Ri . (5.8) 
The following property follows directly from Lemma 3.1. 
Lemma 5.2 For any R > and any initial map uq : W 1 — > N , uq € X r a and 

INII L ^( M «+i) < C||n ||z,oo( R n), [uo] Xr4 < C h]BMO R (r) ■ ( 5 - 9 ) 
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For e > 0, we define 

M t (u ) := {u £ X Ri : \\u - uo\\x r4 < e} 

to be the ball in X R ± with center uq and radius e. By the triangle inequality, we 
have 

IMIl°°(r™ +1 ) - e + CIKIU^QR")) Mi h4 < e + Memoir-) ' Vu ^ B e (n )- (5.10) 
In particular, we have 

Lemma 5.3 For < R < +oo, if uq : W 1 — > N has [^o]BMO H (R n ) — e > then 

IMIl°°(r™ +1 ) - C + e ' [ u \x Ri < Ce, Vu € B £ (u ) (5.11) 
for some C = C(n, N) > 0. 

The proof of Theorem 1.2 is based on the following two lemmas. 

Lemma 5.4 There exists e\ > suc/i £/ia£ /or any < R < +oo if uq : M n — > N 
has 

[ u o]BMO fl (I n ) < e l; 

i/ien T maps B ei («o) to M ei (uo). 
Proof. By (|5.8p . we have 

T(u) - % = S(Ji[«]) + S(V • (J" 2 M)), u G B ei («o). 

Hence Lemma 4.1, Lemma 4.2, Lemma 5.1, and Lemma 5.2 imply that for any 

u € B £1 (n ), 

||T(w) - u \\x r4 

< l|s(^iM)llx fl4 + ||s(v-(j 2 M))||x Jl4 

i? 4 A 4 

< [u] 2 XR4 <Cej<e u 

provided e% > is chosen to be sufficiently small. Hence Tu € B ei (uo). This 
completes the proof. □ 
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Lemma 5.5 There exist < e 2 < e\ and 9 € (0, 1) such that for < R < +oo if 
u : W l — >■ N satisfies 

NlBMOfltM") < £ 2 

i/ien T : B e2 (uo) — > B £2 (-uo) is a 6 q- contraction map, i.e. 

\\Y(u)-T{v)\\ Xr4 <e \\u-v\\x RA , Vu,v el £2 (n ). 

Proof. For -u,i> G B £2 (uo), we have 

\\Tu-Tv\\ Xr4 < ||S(-7 : -iM--FiH)|| Xji4 + ||§(V-(J- 2 [n]-J- 2 H))|| Xj{4 

< ||7- lM _J- lM || yl +||J- 2 [n]-J- 2 H|| y2 (5.12) 

Since 

Ji[u]-JiM = -(Au,A(DU{u))) + (Av,A(DU(v))} 

= (A(u - v), A(Dfi(tt))> + (At;, A(Dn(u) - DU(v))), 

we have 

|^iM-J-iH| < C[\A(u-v)\(\Au\ + \Vu\ 2 + \Av\) 

+ |Av|(|V«| + |Vv|)|V(u - v)\)} + C\Av\{\V 2 u\ + \V 2 v\)\u - v\. 

Hence 

WTM-TMWy^ < C[([u] Xr4 + [v] Xr4 + [u] 2 Xr J\\u-v\\ Xr4 

+ [v]x rA {[u] Xr4 + [v]x r4 )\\u - v\\ Xr4 } 
< Ce 2 \\u- v\\ Xr4 , (5.13) 

where we have used Lemma 5.3 in the last step. 
Since 

\T 2 [u] - T 2 [v}\ < \2((Au,V(DU(u))) - (Av,V(DU(v))))\ 

+ \V{D 2 U(u)(Vu, V«) - D 2 U(v )(Vu, Vv))| 

< C[|Vu||A(« - u)| + |Au|(|« -v\ + \V{u - v))\] 

+ C[|Vu|(|V«| + |Vv|)|V(« -v)\ + (\V 2 u\ + |V 2 t;|)|V(u - v)\] 

+ C[(\Vu\ + |Vt;|)|V 2 (u - v)\ + |Vw| 2 |V(n - v)\ + \Vv\\V 2 v\\u - v\], 
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we have 

WMu] - JbHUy^ < C([u] Xr4 + [v]x r4 + [u] 2 Xr4 + [v] 2 Xr4 )\\u - v\\ XRi 

< Ce 2 \\u -v\\ Xr4 . (5.14) 

Putting (|57L3j) and (f5TT4")) into (j5TT2|) . we obtain 

||Tu - Ti-Hx^ < Ce 2 \\u - v\\ Xr4 < 9o\\u - v\\ Xr4 

for some 9$ = 60(62) € (0, 1), provided €2 > is chosen to be sufficiently small. This 
completes the proof. □ 

Proof of Theorem 1.2. It follows from Lemma 5.4 and Lemma 5.5, and the fixed 
point theorem that there exists eo > such that for < R < +00 if [ - uo]bmo_ r (R") < 
eo, then there exists a unique u € X r a such that 

u = u + §(T[u]) on R n x [0,i? 4 ), 

or equivalently 

u t + A 2 u = JF[u] on R n x (0, R 4 ); u\ t=Q = u . 



Now we need to show u(W l x [0, R 4 ]) C N. First, observe that Lemma 2.1 implies 



that for any x € W 1 and t < 



dist(u(x,t),N) < dist(u Q (x,t),N) + \\u - «o||i°o(R« x [o,ii 4 ]) 

< (5 + K n [uo] BMOi j(Mn) + eo 

< 5 + (l + K n )e < S N , 

provide <5 < $f and e < 2 {i+K™) ■ This y ields x [°' ft) c N Sn> the S N~ 

neighborhood of N. This and the definition of II(-) imply that H(u) = II(u). 

Set Q(y) = y — n(y) for y G A^, and p(u) = }^\Q(u)\ 2 . Then direct calculations 
imply that for any y £ N$ N , 

DQ(y)(v) = (Id - DU(y))(v), Vt; G R z , 
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and 

D 2 Q(y)(v,w) = -D 2 U(y)(v,w), Vv,w G R l . 
Observe that ^[u] can be rewritten as 

T[u) 

= A(D 2 U{u)(Vu, Vu)) + V • (D 2 U(u){Au, Vu)) + D 2 U(u)(VAu, Vu). 

Direct calculations imply 

(8 t + A 2 )Q{u) 
= DQ{u){d t u + A 2 u) 

- [£> 2 n(u)(VAu, Vn) + V • (D 2 U(u)(Au, Vu)) + A(D 2 U(u)(Vu, Vu))] 
= DQ{u){T[u}) - T[u] 

= -DIi{u){T[u]). (5.15) 
Multiplying both sides of (|5.15p by Q(u) and integrating over R n , we obtain 

d r , , if , m2 i 



p(u) + - \A(Q(u))\ 2 = --/ {Dn(u)(T[u]),Q(u)) 

= 0, (5.16) 

where we have used the fact that Q(u) _L T n ^N and DH^^lu]) G T n ^N in the 
last step. 

Since p(u)\ t= o = 0, integrating (|5,16p from to ^ implies p(u) = on W l x 
[0, j^]. Thus u(R" x [0, j^-]) C iV. Repeating the same argument for t G [■^,R 4 ] 



yields u(IR ra x [JL, i? 4 ]) C iV. This completes the proof of Theorem 1.2. 



□ 



Proof of Theorem 1.3. It follows directly from Theorem 1.2 with R = +oo. □ 

6 Proof of Theorem 1.4 and 1.5 

This section is devoted to the proof of both Theorem 1.4 and 1.5. Since the argument 
is similar to that of Theorem 1.2, we will only sketch it here. 
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Let %\v\ denote the right hand side of (|1.7|) . Then we have 
H[u] = J\[u] + V ■ F 2 [u] + T 3 [u], 
where jF%[u] and J^M are given by (5.2), while 

T 3 [u] = Dn{u)[D 2 Il(u)(Vu,Vu) ■ D 3 U(u){Vu,Vu)] 

+2D 2 n(u)(Vu, Vw) • z? 2 n(u)(Vu, vpn(u))). (6.1) 

It is clear that u G X R ± solves (UTT^-dHHJ) iff 

u = Gu + S(J"i[u]) + S(V • + S(^sM). (6.2) 
Since J r 3[u] satisfies 

l^sMI < C|Vn| 4 , (6.3) 

for some C > depending on ||«||.L°°(Rn), it is easy to check 
Claim 1. For < R < +oo, if u G -X^r-i, i/ien J^fu] G and 

ll-Wlly^ <CM^ 4 . (6.4) 

This claim and Lemma Lemma 4.1 then imply 
Claim 2. For < R < +oo, if u & X r a, then §{Fz[u\) G X fi4 and 

llS^aM)!!^ <CM^ 4 . (6.5) 

Now if define the mapping operator T on X R 4 by 

f[u] := Guq + S(Ji[u]) + S(V • -F 2 N) + S(-FsN), (6.6) 

then Claim 1, Claim 2, and Lemma 5.4 imply 

Claim 3. There exists e 3 > suc/i f/mf /or < R < +oo, if uq : M. n N has 
N]bmo b (b») < £3, then T maps B e3 (u ) to B e3 (u ). 

We need to show T : ~R e3 (uo) — >• B e3 (uo) is a contraction map. To see this, observe 
that direct calculations imply that for any u,v G B £3 (uo), 

IJbM-^HI (6.7) 

< C[|u - u [|Vu| 4 + |V(« - u)|(|Vu | 3 + |Vt;||Vu| 2 + |Vv| 2 |Vn| + |Vu| 3 )] 
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for some C > depending only max{||u|| i0 o( K n), (»«)}• Hence, combined with 

the proof of Lemma 5.5, we obtain 

Claim 4. There exists €3 > such that for < R < +00, if uq : W 1 — > N has 

h]BMO fl (R«) < £3, then 

\\f[u] - T[v]\\ Xr4 < Ce 3 \\u - v\\ Xr4 , Vu,v € M t3 (u ). (6.8) 



Now we can complete the proof of Theorem 1.4 as follows. 
Completion of proof of Theorem 1.4: Similar to Theorem 1.2, it follows from 
Claim 3 and Claim 4 and the fixed point theorem that there exists eo > such that 
for < R < +00 if [uo]BMO fl (i») ^ e 0) then there exists a unique u € X r a that 
solves (rLTD- (rr5|l : 

u t + A 2 u = H[u] on R n x (0, R 4 ); u\ t=Q = u . 

The same argument as in Theorem 1.2 implies u(R n x [0,fi]) C N Sn . Hence 
n(u) = n(u) on R n x [0, -^j]. Moreover, the same calculation as in (5.15) implies 

{d t + A 2 ){u - DU(u)) = -DU(u){n[u]), (6.9) 

and it follows that for < t < j^z, 

^[ \u-DU(u)\ 2 + [ \A(u - DU(u))\ 2 = 0. (6.10) 
dt Jm.™ it» 

This, combined with \u - DU(u)\ 2 \ t=0 = 0, implies that u(R n x [0, -f^]) C N. Re- 
peating the same argument then implies n(R n x [0, R 4 ]) C N. The proof is complete. 
□ 



Proof of Theorem 1.5. It follows directly from Theorem 1.4 with R = +00. □ 
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